Parker Solar Probe (PSP) achieved its first orbit perihelion on November 6, 2018, reaching a heliocentric distance of about 0.165 au (35.55 R ). Here, we study the evolution of fully developed turbulence associated with the slow solar wind along the PSP trajectory between 35.55 R and 131.64 R in the outbound direction, comparing observations to a theoretical turbulence transport model. Several turbulent quantities, such as the fluctuating kinetic energy and the corresponding correlation length, the variance of density fluctuations, and the solar wind proton temperature are determined from the PSP SWEAP plasma data along its trajectory between 35.55 R and 131.64 R . The evolution of the PSP derived turbulent quantities are compared to the numerical solutions of the nearly incompressible magnetohydrodynamic (NI MHD) turbulence transport model recently developed by Zank et al. (2017). We find reasonable agreement between the theoretical and observed results. On the basis of these comparisons, we derive other theoretical turbulent quantities, such as the energy in forward and backward propagating modes, the total turbulent energy, the normalized residual energy and cross-helicity, the fluctuating magnetic energy, and the correlation lengths corresponding to forward and backward propagating modes, the residual energy, and the fluctuating magnetic energy.
Introduction
Parker Solar Probe (PSP) (Fox et al. 2016 ) has been exploring the inner heliosphere since its launch on August 12, 2018. To date, PSP has executed two of its twenty four perihelion passes close to the Sun, enabling a comparison of inner heliopsheric observations with theoretical predictions. PSP achieved its first orbit perihelion on November 6, 2018, reaching a heliocentric distance of about 0.165 au (35.55 R ) . The inbound and outbound direction of the PSP trajectory at its closest point of approach is almost radial with respect to the solar wind flow. Since the PSP trajectory approaches the Sun more and more closely with each orbit, PSP provided data from each orbit enables us to study the evolution of turbulence in the inner heliosphere.
In this manuscript, we study the evolution of turbulence between the perihelion of the first orbit of the PSP (0.165 au or 35.55 R ) and 131.64 R in the outbound direction using the nearly incompressible turbulence transport model equations of Zank et al. (2017) and the PSP SWEAP (Kasper et al. 2016 ) plasma measurements. Zank et al. (2017) developed coupled turbulence transport model equations for the majority quasi-2D and minority slab turbulence, which have been successfully compared with Voyager 2, Ulysses, and New Horizons Solar Wind Around Pluto (NH SWAP) instruments in the outer heliosphere beyond 1 au, and with Helios 2 in the inner heliosphere within 1 au (Zank et al. , 2018b Adhikari et al. 2015 Adhikari et al. , 2017a . The nearly incompressible turbulence transport model equations are also employed to study turbulence in the solar corona (Zank et al. 2018a; Adhikari et al. 2019a,b) . The nearly incompressible Zank et al. (2017) model can predict several quasi-2D and slab turbulent quantities that include both the fluctuating velocity and magnetic field (see Table 1 ). However, in this manuscript we only compare the plasma quantities predicted by the model with the PSP SWEAP plasma measurements (Kasper et al. 2016) , such as the fluctuating kinetic energy and the correlation length of velocity Table 1 : Turbulent velocity and magnetic field quantities predicted by Zank et al. (2017) .
fluctuations, the variance of density fluctuations, and the solar wind proton temperature.
We then derive the theoretical solutions of the energy in forward and backward propagating modes, the fluctuating magnetic energy, the normalized cross-helicity and residual energy, the Alfvén ratio, the correlation lengths of forward and backward propagating modes and residual energy, and the correlation length of magnetic field fluctuations between 35.55 R and 131.64 R . These predictions will be compared to PSP observations when the magnetic field data become available.
Our understanding of solar wind turbulence improves with the availability of measurements from several spacecraft. The solar wind has been used to study magnetohydrodynamic (MHD) turbulence since the late 1960s (Coleman 1968; Belcher & Davis 1971; Bavassano et al. 1982; Goldstein 1995; Goldstein et al. 1995; Tu & Marsch 1995; Bruno & Carbone 2005 . Coleman (1968) and Belcher & Davis (1971) studied the MHD fluctuation in the solar wind, and found that there exists MHD wave (Belcher & Davis 1971) and MHD turbulence (Coleman 1968 ). The velocity near the Sun is usually highly correlated with fluctuations in magnetic fields (Coleman 1967; Belcher & Davis 1971) , and possesses a high degree of Alfvénicity, which decreases with increasing heliocentric distance (Roberts et al. 1987a,b) .
As the PSP approaches closer to the Sun with each orbit, we have the opportunity to study the properties of fluctuations of velocity and magnetic field and their dissipation mechanism in the deeper inner heliosphere. PSP will promote our understanding of the turbulence in the inner heliopshere, and improve our understanding of coronal heating and the origin of solar wind in open magnetic field regions (Matthaeus et al. 1999a; Dmitruk et al. 2001 Dmitruk et al. , 2002 Oughton et al. 2001; Suzuki & Inutsuka 2005; Cranmer et al. 2007; Chandran & Hollweg 2009; Chandran et al. 2010; Cranmer et al. 2013; Verdini et al. 2010; Viñas et al. 2000; Woolsey & Cranmer 2014; Zank et al. 2018a; Cranmer & van Ballegooijen 2010; van Ballegooijen et al. 2011; van Ballegooijen & Asgari-Targhi 2016) . In the outer heliosphere, the solar wind proton temperature is non-adiabatic, which is believed to be caused by the dissipation of turbulence (Gazis et al. 1994; Freeman 1988; Williams et al. 1995; Matthaeus et al. 1999b; Smith et al. 2001 Smith et al. , 2006a Isenberg et al. 2003; Isenberg 2005; Breech et al. 2008; Isenberg et al. 2010; Ng et al. 2010; Usmanov et al. 2011; Oughton et al. 2011; Adhikari et al. 2014 Adhikari et al. , 2015 Adhikari et al. , 2017a Zank et al. 2017 Zank et al. , 2018b Shiota et al. 2017; Wiengarten et al. 2015 Wiengarten et al. , 2016 .
We organize the manuscript as follows. In Section 2, we discuss the quasi-2D and slab turbulence transport model equations. Section 3 presents the comparison between the theoretical results and observed results derived from PSP SWEAP plasma measurements.
Section 4 discusses the other theoretical solutions of the turbulence transport model equations that includes the magnetic field. Finally, Section 5 presents conclusions from this manuscript.
Theoretical model equations
The fluctuating solar wind speed and magnetic field observed by PSP during its first two perihelia possess many features of fully developed MHD turbulence. The small scale fluctuating fields are most naturally described by the Elsässer variables, Elsässer 1950) , where ρ is the solar wind density, u is the fluctuating velocity, B is the fluctuating magnetic field, and µ 0 is the magnetic permeability. The Elsässer variables z ± are functions of both large-scales (e.g., background solar wind scales) and small-scales (e.g., turbulence scales) (see, Zhou & Matthaeus 1990b,a; Zank et al. 1996 Zank et al. , 2012 Zank et al. , 2017 , and are important parameters for describing MHD turbulence.
Observations of evident turbulent behavior in the solar wind (e.g., Kolmogorov-like spectra in energy, magnetic field, temperature and density fluctuations or the non-adiabatic heating of the solar wind, for example) are interpreted in terms of an incompressible MHD turbulence phenomenology. The convergence of compressible MHD to an incompressible state is achieved via a singular perturbation expansion based on the existence of a small turbulent sonic Mach number M s = δu/C s , where δu is the characteristic fluctuating plasma speed and C s the local sound speed. For a homogeneous system, NI MHD theory predicts that the density fluctuations scales as δρ ∼ O(M 2 s ) (Zank & Matthaeus 1991 , 1992 , whereas for an inhomogeneous system δρ ∼ O(M s ) (Hunana & Zank 2010; Bhattacharjee et al. 1998 ). In the inhomogeneous solar wind, we might expect the latter scaling to hold (Tu & Marsch 1994; Klein et al. 1993) .
We evaluate the scaling of density fluctuations observed by PSP using SWEAP data during slow solar wind encounters, finding that indeed δρ ∼ O(M s ) (see Appendix A). We find too that the δρ/ρ, where ρ is the mean local density, is typically in the range 0.1-0.2 during the PSP encounter of the slow solar wind. These results suggest that indeed the slow solar wind observed by PSP during its first encounter was in a nearly incompressible state.
If we adopt a nearly incompressible description of low-frequency MHD turbulence in the solar wind (Zank & Matthaeus 1992 Hunana & Zank 2010; Zank et al. 2012 Zank et al. , 2017 Adhikari et al. 2014 Adhikari et al. , 2015 Adhikari et al. , 2017b , the plasma beta β p 1 regime (β p = P/(B 2 /2µ 0 ),
where P is the thermal plasma pressure and B is the total magnetic field) corresponds to isotropic turbulence even in the presence of a mean magnetic field (Zank & Matthaeus 1992 Zank et al. 1996 Zank et al. , 2012 , whereas the β p ∼ 1 and 1 regimes show that low-frequency MHD turbulence can be decomposed into a majority quasi-2D component and a minority slab component. As we describe below, away from the heliospheric current sheet, the region observed by PSP that we consider from the perspective of turbulence transport modeling possess β p values that are typically ∼ 1 and 1. In a related paper, Zhao et al. (2019) i.e., z ± = z ∞± + z * ± provided certain symmetries of the underlying turbulence are present . The difference between z ∞± and z * ± reflects the anisotropy of the solar wind fluctuations in the energy-containing range. However, in the 2D plane perpendicular to the magnetic field, the quasi-2D component is isotropic, while the slab component is axisymmetric with a particular directionr defined by the magnetic field. In this case, the net geometry of the NI MHD system is a superposition of quasi-2D (isotropic) and slab (axisymmetric) turbulence. The majority quasi-2D and minority slab Elsässer variables can be written as )
where the superscript "∞" refers to quasi-2D turbulence, and the superscript "*"denotes slab turbulence. The quasi-2D and slab variances of the Elsässer variables, and the residual energy E D can be written as (Zank et al. 2012 ,
where z ∞, * + 2 and z ∞, * − 2 denote the energy in quasi-2D/slab forward and backward propagating modes, respectively. Similarly, the correlation functions corresponding to forward/backward propagating modes, and the residual energy can be written as
where y = |y| is the spatial lag between fluctuations, and z ∞, * − denotes the lagged Elsässer variables. The parameters λ ± ∞, * and λ ∞, * D are the quasi-2D/slab correlation lengths corresponding to forward/backward propagating modes, and the residual energy.
Considering the conservation of magnetic flux r 2 B = const = r 2 0 B 0 , the magnetic field can be expressed as
where B 0 is the magnetic field at the reference point r 0 , andr is the direction of the magnetic field. Zank et al. (2017) developed transport equations for the evolution of the majority quasi-2D and minority slab turbulence on the basis of a nearly incompressible phenomenology (Hunana & Zank 2010) . The 1D steady-state majority quasi-2D turbulence transport model equations in a spherically symmetrical coordinate r can be written as (Zank et al. , 2018a Adhikari et al. 2017a) ,
where E ∞ T = ( z ∞+ 2 + z ∞− 2 )/2 is the total turbulent energy of the quasi-2D fluctuations, and α is the von Kármán-Taylor constant. Vasquez et al. (2007) ; Montagud-Camps et al. (2018) suggest that α is about 1/10 for turbulence in the heliosphere, whereas van Ballegooijen & Asgari-Targhi (2016) suggest that a constant α might not be a good approximation in the sub-Alfvénic solar wind. Different authors have chosen different values for α. For example, Matthaeus et al. (1999a) chose α = 1 in their model of coronal heating by magnetohydrodynamic turbulence (see also Zank et al. (2018a) ). In our study, we consider α = 0.1. The parameter α controls the cascade rate of turbulence and can therefore result in different radial profiles of the turbulence energy because the intensity of the nonlinear terms in the turbulence model is governed by whether α is large or small. The parameters C ± sh and C E D sh are parametrized strengths of the shear source of energy in forward and backward modes and the residual energy (E D ), respectively. In Equations (4) and (5), the third term on the right hand side is the shear driving source of turbulence. Similarly, the 1D steady-state turbulence transport equations for the minority slab turbulence are (Zank et al. , 2018a Adhikari et al. 2017a) ,
where V A0 is the Alfvén velocity at a reference r 0 . We use b = 0.26 (see Zank et al. (2012) for further discussion of this value). The quantity E * T = ( z * + 2 + z * − 2 )/2 is the total turbulent energy of the slab fluctuations, and E * C = ( z * + 2 − z * − 2 )/2, the energy difference between that in forward and backward propagating modes, is the cross-helicity of slab turbulence. The parameters C * ± sh and C * E D sh are the strengths for a stream-shear source of slab turbulence, and the third term of the right hand side of Equations (8) and (9) is the shear driving source of turbulence.
The 1D steady-state transport equation for the variance of density fluctuations can be written as (Zank et al. , 2018a Adhikari et al. 2017a )
where η 1 is constant, and ρ ∞2 0 is the variance of density fluctuations at r 0 . The second term on the right hand side is a shear driving source of turbulence for the density variance.
The quasi-2D fluctuating velocity variance u ∞2 , and the correlation length λ ∞ u can be expressed as,
are the quasi-2D correlation lengths corresponding to forward and backward propagating modes, and the residual energy, respectively.
The 1D steady-state transport equation for the solar wind proton temperature is given by
where m p is the proton mass, k B is the Boltzmann constant, and γ = 5/3 is a polytropic index. Here we assume that some fraction of the dissipated turbulent energy heats the solar wind plasma by introducing the parameter s 1 (< 1). It is likely that some fraction of the turbulence energy goes into electron heating, some into creating a nonthermal population of ions (e.g., stochastic acceleration by magnetic islands), and some into creating a nonthermal electron population as well as of course heating ions. A posteriori, we find (4) -(14) using a Runge Kutta 4th order method. In the next section, we provide solutions of the turbulence transport model equations that include the fluctuating magnetic field. As noted, the turbulence transport solutions are best expressed in terms of the Elsässer variables and we solve for the energy in forward and backward propagating modes, the total turbulent energy, normalized residual energy and the normalized cross-helicity, fluctuating magnetic energy, and correlation lengths corresponding to forward and backward propagating modes, residual energy and fluctuating magnetic energy. The coupled turbulence transport model equations are solved using the boundary conditions at ∼ 35.55 R shown in Table 2 . To derive the boundary conditions for the majority quasi-2D and minority slab Elsässer energies and residual energy, we assume an 80:20 ratio between the quasi-2D and slab turbulence.
This choice is motivated by the original theoretical results of Zank & Matthaeus (1992) , who predicted that the ratio between quasi-2D and slab turbulence in fully developed slow wind turbulence is 80:20. Later, Bieber et al. (1996) confirmed this ratio observationally.
Observational studies (Osman & Horbury 2007; Weygand et al. 2009 ) also show that the slab correlation scale is about twice as large as the 2D correlation scale. Accordingly, we assume the ratio between the quasi-2D and slab correlation function is 2:1 to obtain the boundary conditions for the correlation function. The ratio between the quasi-2D and slab turbulence energy may change and will therefore result in different radial profiles for the quasi-2D and slab energy. However, the total turbulent energy remains the same. In the fast wind, for which turbulence is not fully developed, slab turbulence is the dominant component rather than the quasi-2D component. Table 3 shows the parameters used in the coupled turbulence transport model equations.
2D Core Model Equations Slab Model Equations
T 1.75 × 10 5 K shown in light blue in Figure 1 and were selected for comparison to the turbulence transport model described above. Here we selected those intervals that do not have any data gaps and contain the same resolution. Figure 1 appears to separate quite clearly into two components, one with a speed of ∼ 400 kms −1 and the second with speed ∼ 600 kms −1 . As illustrated in the panels below, the remaining fluid variables tend to reflect these two classes of slow and fast speed solar wind. In the slow solar wind, turbulence is thought to be fully developed, in part due to its possible origin (e.g., Fisk 2003) . By contrast the fast solar wind tends to have outwardly propagating Alfvén waves only (e.g., Bruno & Carbone 2005; Zhao et al. 2019) , again due to the nature of the origin of the fast wind (Zank et al. 2018a; Adhikari et al. 2019a,b) . The analysis presented here considers only the evolution of turbulence in the slow solar wind, and we use the innermost PSP measurements at 35.55 R as our boundary conditions. This choice is driven by the fact that most of the data from the first orbit is slow wind, and that we will have to wait for more data before we can start looking at other conditions (e.g., fast wind)
with any statistical confidence. The dark blue in Figure 1 corresponds to the solar wind speed above 420 kms −1 . Compared with the slow solar wind, the density of the fast solar wind is smaller and the proton temperature a little higher. The top and second panels show the inverse relationship between the solar wind speed and the solar wind density. In the figure, the vertical line indicates the position of the CME observed by the PSP at ∼ 55.2 R (Giacalone et al. 2019) . We exclude the CME in our calculation. Figure 1 also shows that the data can display a sharp changes, which may be a sign of boundary crossings of structures, such as pressure-balanced structures (PBSs) or flux tubes (Burlaga 1968 (Burlaga , 1995 Vellante & Lazarus 1987; Bavassano & Bruno 1991; Borovsky 2008; Sarkar et al. 2014 ). The pressure-balanced structure is an equilibrium solution of NI MHD (Zank & Matthaeus 1992) . A flux tube can be defined by a pressure-balanced structure since the pressure represents a smooth surface that is everywhere tangent to the local magnetic field (see Appendix of Zank et al. 2004) . In a companion PSP paper Zhao et al. R . Similarly, the fluctuating quasi-2D kinetic energy is larger than the fluctuating slab kinetic energy in the same region. As discussed above, this is due to the assumed boundary conditions between the quasi-2D and slab turbulence at 35.55 R . We assume an 80:20 ratio between the quasi-2D and slab turbulence energy (Zank & Matthaeus 1992; Bieber et al. 1996 ) and a 2:1 ratio between the correlation lengths of slab and quasi-2D turbulence (Osman & Horbury 2007; Weygand et al. 2009 ), which is a well established hypothesis for a fully developed slow wind turbulence. However, this ratio may change depending on different conditions, such as the solar cycle. The theoretical fluctuating kinetic energy and the correlation length as a function of heliocentric distance are obtained by using Equation (13), which requires the Elsässer energies, residual energy, and the corresponding correlation functions. These quantities are obtained by solving coupled quasi-2D and slab turbulence transport equations (4)-(11) using boundary conditions shown in Table 2 . Table 3 Table 2 are close to those of the observed quantities. Our results would indicate that quasi-2D turbulence is dominant rather than slab turbulence in a fully developed slow wind turbulence between 35.55 R and 131.64 R (Zank & Matthaeus 1992; Zank et al. 2017; Zhao et al. 2018; Bieber et al. 1996; Adhikari et al. 2017a ). In the fast wind, slab turbulence (or even uni-directionally propagating Alfvén waves) dominates quasi-2D turbulence in the inner heliosphere (e.g., Dasso et al. 2005 ). The left panel of Figure 3 shows a comparison between the theoretical and observed variances of density fluctuations as a function of heliocentric distance. In the figure, the theoretical variance of density fluctuations (solid curve) decreases monotonically in a manner similar to that of observed density variance (red "diamond"with error bar) with increasing heliocentric distance. The theoretical density variance exhibits a radial profile of r −2.98 . The rate at which the variance of density fluctuations decreases in the inner heliosphere is slower than that of the outer heliosphere Zhao et al. 2018; Adhikari et al. 2017a) , which decreases faster than r −3 . Table 4 shows that the theoretical variance of density fluctuations at 35.55 R is within the error bar of the observed density variance.
The right panel of Figure 3 displays the solar wind proton temperature. The observed solar wind proton temperature with error is calculated for ∼ 5.83 hours intervals. The comparison between the theoretical and observed solar wind proton temperature shows that the theoretical solar wind proton temperature is a little larger than that of observed solar wind proton temperature. In the figure, the solid green curve corresponds to the s 1 = 0.4 and the dashed green curve to s 1 = 0.3. It indicates that, in the former case, 40 % of the turbulence energy goes into solar wind heating of the protons, while in the latter case, 30 % of the turbulence heating goes into solar wind heating of the protons.
This result would suggest that the remaining energy in turbulence fluctuations may be dissipated into electron heating and the non-thermal energization of charged particles. The solid and dashed green curves increase initially and then decrease as r −0.89 and r −0.95 , respectively, indicating that the heating rate determines the radial profile of the solar wind proton temperature. The rate of cooling for the theoretical solar wind proton temperature is slower than that of adiabatic cooling indicating that the energy is being added in situ, either through continued dissipation of turbulence, or the generation of in situ turbulence and its subsequent dissipation. The cooling rate depends on the cascade rate (Ng et al. 2010 ), which is, in this manuscript, based on Kolmogorov phenomenology, but other phenomenologies may also be applied, such as Iroshnikov-Kriachnan, for example (Ng et al. 2010 ). Here, the chosen boundary value of the solar wind proton temperature is within the error bar of the observed solar wind proton temperature as shown in Table 4 .
Results: Theoretical predictions
Having extracted the plasma variables from the solutions of the equations describing the Elsässer variables (4)-(12), and compared them to PSP SWEAP observations, we can predict the corresponding turbulent Elsässer and magnetic variables. Figure 4 shows the theoretical turbulent quantities as a function of heliocentric distance. The solid curves denote the majority quasi-2D components, the dashed curves the minority slab component, and the dashed-dotted-dashed curves the total (sum of quasi-2D and slab) component. Figure 4a shows the decay of the turbulent energy in forward propagating modes, with power law decreases as r −1.45 , r −1.13 , and r −1.36 , corresponding to quasi-2D, slab, and total components, respectively. Figure 4b shows the energy in backward propagating modes as a function of heliocentric distance. In this case, the quasi-2D, slab, and total energy in backward propagating modes decrease rapidly initially, increase slightly, and then decrease slightly as r −0.39 , r −0.39 , and r −0.4 . The slight increase in backward propagating modes is due to the excitation of these modes by stream shear (Adhikari et al. 2015) . Figure   4c shows the total turbulent energy as a function of heliocentric distance. Similar to the energy in forward propagating modes, the total turbulent energy decreases monotonically with heliocentric distance. Here, the quasi-2D, slab and (quasi-2D + slab) total turbulent energies follow radial profiles of r −1.27 , r 1.1 , and r −1.21 , respectively. Figure 4d shows that the fluctuating magnetic energy decreases with the increase of heliocentric distance, as (quasi-2D, slab, and total) r −3.12 , r −2.97 , and r −3.1 respectively, indicating that the radial profile of the fluctuating magnetic energy is approximately similar to that of the well-known WKB description (Zank et al. 1996) . The latter result is rather interesting since an r −3 decay corresponds to the variance of the fluctuating magnetic field is what is expected of WKB theory (Zank et al. 1996) . However, WKB is a linear Alfvén wave theory (i.e., non-interacting Alfvén modes and therefore does not describe turbulence) and the prior results (observations + theory) are certainly inconsistent with WKB theory.
For example, Figure 2 shows that u 2 decays as r −1.47 , whereas of WKB theory, since u 2 = b 2 , should decay as r −3 . As discussed and illustrated in Zank et al. (1996) , an r −3 decay is the fluctuating magnetic field variance emerges naturally from a turbulence transport formalism when the rate of dissipation is balanced by the rate of turbulence driving-in this case the turbulence is driven by shear on the boundaries of the fast and slow streams. The difference between the decay characteristics of u 2 and b 2 is interesting in that it shows that it is primarily magnetic energy rather than kinetic energy that dominates at this distance. Figure 4e shows the normalized residual energy as a function of heliocentric distance.
The normalized residual energy for quasi-2D and slab turbulence decreases with increasing heliocentric distance, as does the normalized cross-helicity ( Figure 4f ). The evolution of the normalized cross-helicity shows that the slab turbulence remains essentially outwardly propagating Alfvén modes, and there is relatively little generation of inwardly propagating Alfvén waves. By contrast, the quasi-2D turbulence evolution of the cross-helicity tends to smaller values more rapidly than the slab turbulence. The rapid decrease in the Alfvén ratio for the quasi-2D modes compared to that of the slab turbulence (Figure 4g ) illustrates that the quasi-2D turbulence is more magnetically dominated than slab turbulence. Figure 5b shows the correlation lengths corresponding to forward and backward propagating modes. The quasi-2D and slab correlation lengths for the forward propagating mode increase with distance as r 1.02 and r 0.98 , respectively. Similarly, the quasi-2D and slab correlation lengths for backward propagating modes increase as r 0.94 and r 0.92 , respectively.
The quasi-2D and slab correlation lengths for the residual energy initially decrease, and then increase as r 0.93 and r 0.97 , respectively. Figure 5c shows the correlation length for magnetic field fluctuations. The correlation length for quasi-2D magnetic field fluctuation shows a radial trend of r 1.12 , while the correlation length for slab magnetic field fluctuations is ∼ r 1.11 , i.e., the basically exhibit the same radial dependence.
Discussion and Conclusions
We studied the evolution of turbulence in the inner heliosphere along the trajectory of the Parker Solar Probe (PSP) in the outbound direction from the perihelion (∼ 35.55 R ) of the first orbit to the heliocentric distance of ∼ 131.64 R , by using PSP SWEAP plasma measurements and a nearly incompressible magnetohydrodynamic Zank et al. (2017) turbulence transport model. Furthermore, based on the theory of Zank et al. (2017) , we can predict additional turbulent quantities that include both the fluctuating velocity and magnetic field. For the present, we only compared the plasma quantities predicted by Zank et al. (2017) with the PSP SWEAP plasma measurements, and will compare the magnetic field data once it is available. Since the observed radial velocity and T-and N-component solar wind speed (and also the solar wind density) are seen to be divided clearly into two components, one with a speed of ∼ 400 kms −1 and other with a speed of ∼ 600 kms −1 , we considered the solar wind speed, the density, and proton temperature corresponding to the slow solar wind regime, as determined by a speed less than 420 kms −1 . By doing so, we compared the theoretical and observed evolution of fully developed turbulence between ∼ 35.55 R and ∼ 131.64 R .
We compared the theoretical and observed fluctuating kinetic energy, the correlation length of velocity fluctuations, the variance of density fluctuations, and the solar wind proton temperature. We found that the plasma quantities predicted by the model are in reasonable agreement with the observed PSP SWEAP plasma measurements. On the basis of these comparisons, other theoretical results related to the fluctuating magnetic field were derived, such as the energy in forward and backward propagating modes, the normalized residual energy and cross-helicity, the fluctuating magnetic energy, the total turbulent energy, the correlation functions corresponding to forward and backward propagating modes and the residual energy, the correlation length corresponding to forward and backward propagating modes and the residual energy, and the correlation length of magnetic field fluctuations between ∼ 35.55 R and ∼ 131.64 R . In future work, we will compare the Elsässer and magnetic field quantities predicted by our turbulence transport model with the corresponding quantities measured by the PSP SWEAP plasma and field measurements.
We summarize our findings for the range between the perihelion of the first orbit of the PSP and 131.64 R as follows.
• The theoretical and observed fluctuating kinetic energy decreases with increasing heliocentric distance. The theoretical quasi-2D, slab, and total fluctuating kinetic energy follow power laws of r −1.65 , r −1.2 , and r −1.49 , respectively.
• The correlation length for the theoretical and observed velocity fluctuations increases with increasing heliocentric distance.
• The theoretical and observed variance of the density fluctuations decreases with heliocentric distance. The theoretical variance of density fluctuations decreases as r −2.91 .
• The theoretical and observed solar wind proton temperature decreases with distance, and we find that approximately 30-40 % of the dissipated turbulent energy is sufficient to account for the observed proton temperature profile. That implies that approximately 70 % of the turbulent energy is used to heat electrons and create energetic particle population.
• The theoretical quasi-2D, slab and total turbulent energy in forward propagating modes predicts radial profiles of r −1.48 , r −1.16 , and r −1.38 , respectively.
• The quasi-2D, slab and total turbulent energy in backward propagating modes is predicted to decrease initially, increase slightly and then decrease as r −0.38 , r −0.38 , and r −0.38 , respectively.
• The theoretical quasi-2D, slab and (quasi-2D + slab) total turbulent energy are predicted to decrease as r −1.3 , r 1.08 , and r −1.24 , respectively.
• The quasi-2D, slab and total fluctuating magnetic energy are predicted to decay as power laws with the form r −3.14 , r −2.99 , and r −3.1 , respectively.
• The quasi-2D and slab correlation lengths corresponding to forward and backward propagating modes are predicted to increase with distance, whereas the correlation length for the residual energy is predicted to decrease initially, and then increase with distance .
• The correlation lengths corresponding to quasi-2D and slab fluctuating magnetic energy are predicted to increase according to r 1.15 and r 1.13 , respectively. On MHD scales, the solar wind behaves as an almost incompressible fluid in both the inner and the outer heliopshere, with the relative amplitude of density fluctuations being less than 0.1 . Thus, nearly incompressible MHD theory seems to be applicable in describing much of solar wind turbulence at these scales. In this Appendix, we use PSP measurements in the region between 35.5 R and 131.64 R to determine whether the solar wind is compressible or nearly incompressible. The theory of NI MHD has been developed since the late 1980s (Matthaeus & Brown 1988; Matthaeus et al. 1991; Zank & Matthaeus 1991 , 1992 Hunana et al. 2006; Hunana & Zank 2010; Bhattacharjee et al. 1998) , and the theory predicts, i) that δρ scales as ∼ O(M 2 s ) if the background flow is homogeneous (Matthaeus & Brown 1988; Zank & Matthaeus 1991 , 1992 , and ii) δρ scales as ∼ O(M s ) if the background field is inhomogeneous (Hunana et al. 2006; Hunana & Zank 2010; Bhattacharjee et al. 1998) . Observational studies in the solar wind (Klein et al. 1993; Tu & Marsch 1994) find that the O(M 2 s ) scaling is met rarely and that an O(M s ) scaling is more appropriate. This is consistent with NI MHD in an inhomogeneous flow.
To find a scaling between density fluctuations and the turbulent sonic Mach number, the density fluctuation and the turbulent sonic Mach number are calculated for four hour moving intervals in the slow solar wind plasma identified by light blue in Figure 1 . The results are then smoothed by taking 20 data points. Figure 6 Figure 7 shows that δρ/ρ is concentrated mainly around ∼ 0.15, which shows that the flow is essentially incompressible at the scale studied (4 hour intervals). The right panel of Figure 7 shows that the most likely value of the turbulent sonic Mach number distribution is bimodel, peaking near ∼ 0.3 and ∼ 0.6. These results suggest that the nearly incompressible approach is suitable for studying turbulence in the solar wind. The length of interval used may affect the result. One effect may be that the histogram of δρ/ρ over longer time intervals will move to the right . 
